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ABSTRACT
A Laplacian analysis of the distribution of sequential chi-square statistics for embedded samples is
developed in this paper. There are found the limiting Laplace transformation of such vector statistics when the
unknown parameter is replaced to MLE by the first and the last samples.
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1. Introduction
Zakharov, Sarmanov and Sevastyanov (1969), hereafter referred to as ZSS, suggested chi-square type
sequential test based on the vector statistics

X2=(X2, X2, X2 T, )

where N, <N, <.<N, - increasing sizes of embedded one to another samples, X? - Pearson’s standard

n;
statistics. ZSS (1969) obtained the limiting Laplace transformation of statistics (1) under simple null hypothesis
and convergence alternatives. Joint distribution of components of statistic Xﬁ was established Jensen (1974).

It is actually to explore the large-sample behavior of statistics

2 2 2 2 U
X2(0.0)= (X} 0.0), X2 (0.0),.... X2, 6,0)) @)
for composite null hypothesis H, : 77 =17, against the sequence of convergence hypothesis
H, 7, =1, +n "2y, where y, — y forfixed y € R” as N, = 0.
There are three practically interesting moments of this consideration. The first — in all components of

statistics (2) @ replaced to Gn] , calculated by the first sample size N,, secondly — in each components Xé 0
replaced to Qni , calculated by sample size N, (i =1,...,M) and the third — as the first case @ replaced to Hnm ,
calculated by the last sample size N, . Formanov and Mirvaliev (2000) studied case two for sequential

generalized y : type statistics (see also Moore and Spruill (1975)) and wide class of estimates. Mirvaliev (2002)
consider the first and the third cases for multinomial MLE (or asymptotically equivalent estimates). We assume

that the unknown parameter & in (2) is replaced by MLE (9n] and 6 L A Laplacian analysis for this cases is

n

provided in the next section. We conclude the article in section 3 by summarizing some remarks.

2. Laplacian Analysis
Let

—-1/2 - - . .
py = /n;) 2i<, p=pias Lj=1.,m 3)
For simplicity we agreed to take, that p, = p, = py; = 0, j=1,...,m and we preserve the notation Pi

for limiting values of (3). Xolesky’s decomposition for the M X M - symmetric matrix R with elements (3) be
C - upper triangular matrix with elements

Ci =y 1= i, G =A1= PL PP P T < Ji=1,m; j=2,..m,

Let also

V.=V _(s)=|l_+2CD(s)C"|, W_, =c] (I +2CD(s)C")"'c V,_, “)
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where D(S) is the diagonal matrix with elements S,,S,,...,S,, and C, = (Cl(n1 ),...,Cr(nm)) is M - vector

with components
() _ 2 g
Cn = Pimy 1~ Pja>1 =L..,m.

2.1. MLE by the First Sample

For real A we define
D=4, +(1—/1)C(IC0, (5)

where C, is upper triangular matrix with elements

1 NN

©C 0, j=L.,m, (,Ci=— ,C;j= , 1< j,L,j=2,...m (6)
i-1 plj
That is

D,,|= 4801 ™)

andif 4 #0 and /’t;t(l—p]zm)il than
Dl_,i :| (iﬂ) ( ) e e +ﬁ (l_ﬂ’)plm(elc;—i_cmel-r )_ﬂ_l(l_ﬂ“)cmc;’ (8)

where

B=1-2+p], 9)

components of C, is defined by (4) and €, = (l,O,...,O)T is M -vector.
Theorem 1. Suppose that N, — 00 such that 0 < p, <1, i =1,.,m—1.1fC1, C2, C3, C4 with N

replaced by N, and C5 (see Mirvaliev (2000) ) hold, then the Laplace transformation of statistics X r? (énl ,®,)

Eexpl(5,X2 (0, ,0,)+ 5, X2 (0, ,0)+ 5. X2 (0, 00) )
under (90 N/ ) has limiting form

Lm,l (s)= (Vm (S))_r_TH exp ”'ul ” (1 _ Wm—l ]} o

2 vV,

(10)
t ) -1/2 1< T[ ( -1 T)*llg
[TV (s:4))) exp 529 Py, ~ By}, +2cDECT ) o
j=1 j=1
where
=1, ~aa” ~B(B"B)"B" B,y (i
Vi'(s;2)=|D,,| Dy} +2CD(S)CT‘ (12)
8; =D (Vs 1= P v ) i =1, (13)
U, is M- vector with components

ug =y1-p7, (o) hi=1..m,
1

vV, vi® (i=1,...,m) are components of
Y =P'ST(B,-BJ"J,)y, v?=P'STBI'I,r, (14)
A=A (=10, A LAY
1t > s D) s Al e

r-1

B'B-(1-4")J|=0, (15)

are the characteristic roots of the equation




Dl,i >

D, 4‘ n Dy} done by (5), (7) and (3).
Corollary 1. Let M =1. That is, we wont obtain limiting Laplace transformation of Chernoft- Lehmann
statistics Xﬁ(én,g]) under (90,77n) (son, =n).

In this case

2
L(9) = (14 25) x| - 144 (1_ 1 j}

2 1+2s
(16)

D e 7 VY2 I [Vr(l)l t ]( !
3§ (VREVANE {22 ol v1“’<s;ﬂ,->}

j=1 j=1
where
V' (s;4)=1+21s.

Corollary 2. Let now M= 2. Then at performance of conditions of the theorem 1 limiting Laplace

A A \
transformation of statistics (Xj1 @, ,9:), X nzz (AN )) it will be agrees to the formula (16) under ((90 3T, )

has the form
r—1-t 2 W
L, (s,,8,) =(V,(s,,8,)) 2 exp | 21” (1_\/_1} .
2
1_ 2
t t {sl +szi2+25132 ’201 }vf an
P P
° (V“)(s ,S ,ﬂ, )) : )
lj:! v JZI: Vz(l)(sl’sz;/lj)
where W, and V, are defined by (4),
VV(s,8,34)) = 1+25,4; + 25,85 )+48,5,4, B3 (1 - (18)
1-2 .
i :1+7'0‘(1—/1j) j=1..,t (19)
|
and
Vi=pV r(l)l —t+] _(l_pl)vg—wjv j=L..t. (20)

2.2. MLLE by the Last Sample
Theorem 2. Suppose that N; —> 00 such that 0 < p, <1, i =1,.,m—1.1fC1, C2, C3, C4 with N

replaced by N, and C5 (see Mirvaliev (2000) ) hold, then the Laplace transformation of statistics X r? (énm ,®,)

Eexpl- (s X2 (0, 0+ 8, X0 (0, 0 )+ 45, X2 (B, o))
under ((90, M, ) has limiting form

L) = W (9) "+ exp] - 4] (l_vvm_l J}

2 \

m

t 1 &V W
oJT(AV, +a-2,W > - m- . @y
(J P ml)exp{ 2554 ( %Vm+(1—4,)WmJ}

j:] J:]




where V and W, are given by (4), 4; = AV (=151, AV, A, are the characteristic roots of
)

equation (15),V; =V, ;> j=1...t, Vi(l) are the components of y® (see. (14)) and £, is defined by (11).
Corollary 3. Let M =2. That is

r-1-t

2
_r-l-t w
L,5(s,,S,) :(Vz(slssz)) 2 CXpy— @[1__1J )

V2
[ .
t 1 t s, p’ +58, +288,\l—pf )y
° (V(Z)(S ,S ;/1-))26Xp— 1~1 2 1°2 1 j ’
1;!: 2 1>%2 ] ; V2(2) (Sl,szg/lj)
where
Vy2(s1,8,54;) = 1428, 85 +25,4,+45,5,4,(1- p}) (23)
and
O —1=(1-2, o2, j=1t.. (24)

3. Concluding Remarks

Sequential chi-square test, suggested by ZSS (1969), in the practice purpose useful, but calculate of the
percentage values are difficulteven M=2.Theput S; =0 and S, =0 in the (17) and (22) gives that the

statistics X ﬁz (énl ,¢,) and X f?l (énz ,¢,) under ((90, 1, ) have limiting distributions

V2

t : t 2,2
2l ) 2802 | and 22, (o2 X A2 | 2|
=1 ﬂz,j j=t ﬂl,j

where ﬂz(li and ,31(,21-) are given by (19) and (24) correspondently.

It is necessary especially to note, that for énl and énz we have the effect of estimation by “half”

observations of sample (see Mirvaliev (1987, 1990)). And at the last the power of some modified chi-square tests
was investigated by Voinov and at all (2003).
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